Abstract-In this paper, we focus on the topic Synchronization and consensus of Complex Networks and their relationships. It is revealed that two topics are closely relating to each other and all results given in [1], [2] and many other papers can be obtained by the results in [10] , [11] . It is pointed out that QUAD condition plays important role in discussing synchronization and consensus.
Recently, Consensus Protocols for Linear Multi-Agent Systems has attracted some researchers' attention see [1] , [2] .
Based on controllable and detectable theory for linear systems, in [1] , [2] , authors discussed following consensus of multiagent systems and synchronization of complex networkṡ x i (t) = Ax i (t) + Bu i (t), y i (t) = Cx i (t)
where x i (t) ∈ R n is the stat, u i (t) ∈ R p is the control input, and y i (t) ∈ R q is the measured output. A ∈ R n×n , B ∈ R n×p , C ∈ R q×n . It is assumed that is stabilizable and detectable.
An observer-type consensus protocol is proposed, which can be written as v i (t) = (A + BK)v i (t) + N j=1 F Cl ij (v j (t) − x j (t)) x i (t) = Ax i (t) + BKv i (t) (2) where K ∈ R p×n , F ∈ R n×q . And F . Let e i (t) = v i (t) − x i (t), one can transfer (2) to ė i (t) = Ae i (t) + F C N j=1 l ij e j (t) x i (t) = (A + BK)x i (t) + BKe i (t)
In case A + BK is controllable, the synchronization of the system (2) transfers to the synchronization of the systeṁ e i (t) = Ae i (t) + F C N j=1 l ij e j (t)
In [10] , following model was discussed
l ij Γx j (t), i = 1, · · · , N (5) where x i (t) ∈ R n is the state variable of the i − th node, t ∈ [0, +∞) is a continuous time, f : R × [0, +∞) → R n is continuous map, L = (l ij ) ∈ R N ×N is the coupling matrix with zero-sum rows and l ij ≥ 0, for i = j, which is determined by the topological structure of the LCODEs, and 
Γ ∈ R
n×n is an inner coupling matrix. Some time, picking Γ = diag{γ 1 , γ 2 , · · · , γ n } with γ i ≥ 0, for i = 1, · · · , n.
Let Γ = F C. Then system (4) is a special case of (5) . In fact, consensus of multiagent systems of complex networks can be viewed as special cases of the synchronization of nonlinear systems.
Therefore, main results in [1] can be obtained from the results given in [10] .
In this note, we show how to apply Lyapunov function approach to the consensus of multi-agents.
I. SOME BASIC CONCEPTS AND BACKGROUND
Let's recall some basic concepts. Following Lemma can be found in [10] (see Lemma 1 in [10] ).
Lemma 1.

If L is a coupling matrix with Rank(L)=N-1, then the following items are valid:
1) If λ is an eigenvalue of L and λ = 0, then Re(λ) < 0; 2) L has an eigenvalue 0 with multiplicity 1 and the right eigenvector 
For the convenience of later use, introduce the following notations:
⊤ on the synchronization manifold S (generally, nonorthogonal).
Thus, we have following result.
Proposition 1.
For any
we have x =X + δx, whereX and δx are defined as above, and it holds thatX ∈ S and δx ∈ L.
With this decomposition, the stability of the synchronization manifold S for the model (5) is equivalent to δx(t) → 0. Equivalently, the dynamical flow in the (m − 1) × n dimensional subspace L converges to zero. In the sequel, instead of investigating x i (t), we investigate dynamical behaviors of δx i (t) directly.
Following function class also plays key role in discussing synchronization and consensus with Lyapunov functions.
Definition 2.
Function class QU AD(∆, P ): let P = diag{p 1 , · · · , p n } is a positive definite diagonal matrix and
for some ǫ > 0, all x, y ∈ R n and t > 0, Remark 1. The matrix P and ∆ can be replaced by any other suitable matrices. In general,
where P and P Γ = BB T are positive definite matrices. In some cases, for example, P and Γ are commutable, by a suitable coordinate transform, it can be seen that both (6) and (8) are equivalent.
II. SYNCHRONIZATION ANALYSIS OF COMPLEX NETWORKS WITH LYAPUNOV FUNCTIONS
Based on the synchronization statex(t), decomposition δx(t) = x(t) −x(t), and QUAD condition, synchronization problem of Complex Networks can be solved easily with Lyapunov function, which was first proposed in [10] .
Therefore,
Define a Lyapunov function as first proposed in [10] .
where Ξ = Ξ ⊗ I m and P = I n ⊗ P . Denote δy(t) = B T δx(t), and differentiating V (δx) (notic-
s . Noting
and
Then, in case that
we have
and there exists a constant c 1 > 0, such that
and V (t) converges to zero exponentially. Now, we can give following 
A. Pinning Control Synchronization of Complex Networks
Let s(t) is a solution ofṡ(t) = g(s(t)).
Consider the following pinning control model
As addressed in [11] , following proposition plays key role.
Then,L is a non-singular M-matrix; all the eigenvalues ofL have negative real part, and all the eigenvalues of the matrix
Then, (10) can be rewritten aṡ
Now, replacingx(t) by s(t), let δx j (t) = x j (t) − s(t), and define a Lyapunov function as
Similar to previous arguments, by the QUAD condition (8), we have:
where
s , and c > maxi=1,··· ,m {ξi} |µ1|
, then there exists a constant
and V 1 (t) converges to zero exponentially.
Proposition 3. Under tha QUAD condition (8), the system (10) can synchronize all x i to s(t), if the coupling strength is large enough.
Remark 3. In some paper, authors discussed leader-follower system. In fact, it is just a special case of pinning control system. It was clearly addressed in [11] .
B. Adaptive Algorithms
In previous parts, we revealed that we can always synchronize of pinning a coupled complex network if the coupling strength is large enough. However, in practice, it is not allowed that the coupling strength is arbitrarily large. For synchronization, it was pointed out in [12] that theoretical value of the coupling strength is much larger than needed in practice. Therefore, the following question was arisen in [12] : Can we find the sharp bound cmin? Similarly, in pinning process, it is also important to make the coupling strength as small as possible. It is clear that theoretical value of strength given in previous theorems are heavily based on the QUAD condition, which is too strong. Therefore, it is possible to lessen coupling strength dramatically.
For this purpose, consider following adaptive algorithm
. for synchronization/consensus with pinning control, which was discussed in [11] . Here, we just give a brief proof for the adaptive algorithm (13), which can be traced to [11] .
Proof: Pick a constant α > 0. Define a Lyapunov function
where constants c and β will be decided later.
Pick β > 0 sufficiently small, we have
which implies δx i (t) → 0 and c(t) → c 0 , where c 0 is a positive constant. The proof is completed. 
proposed in [14] for more general cluster synchronization. And in case we do not know the structure of the coupled system, a simple approach is to adapt the coupling weight.
Following adaptive algorithm
proposed in [13] , which adapts all weights for more general cluster synchronization.
Here, we just give simple derivations for the algorithm (16). as for the algorithm (16), readers can refer to [14] .
Define Lyapunov function
By similar arguments, for sufficient large c, we havė
which implies δx(t) → 0. 
for the systemẋ
where L corresponds to an indirected graph. In this case,
By previous proposition, we have
Proposition 6. If L is a symmetric connecting coupling matrix and QUAD condition (8) is satisfied, then the adaptive algorithm (20) can reach synchronization.
Therefore, the model (20) discussed in [3] is a special case of the model (16) discussed in [13] .
III. CONSENSUS OF MULTIAGENT SYSTEMS OF COMPLEX NETWORKS WITH LYAPUNOV FUNCTIONS
In model (5), let f (x i (t)) = Ax i (t), we obtain
Then, all results obtained in previous section can apply to the consensus First of all, we discuss the case (A, C) is detectable. In this case, for some fixedt,
Therefore, there exists ǫ > 0 such that
which is equivalent to the QUAD condition
Therefore, by Proposition 1, we have
Proposition 7. Under the QUAD condition (24) or (A, C) is detectable, the systeṁ
can reach synchronization if the coupling strength c is large enough.
Proposition 8. If (A, B) is controllable, theṅ
where the QUAD condition
is satisfied, can reach consensus for sufficient large constant c.
As direct consequences of Proposition 3, we have
Proposition 9. If (A, B) is controllable, then
where the matrix P satisfies the QUAD condition
can reach consensus to the trajectoryṡ(t) = s(t) for sufficient large constant c.
In [2] , [5] , fully distributed consensus protocols for linear multi-agent systems were discussed. In fact, we should consider following systems
which can be rewritten as
where c(0) ≥ 0 and α > 0, can synchronize the coupled system to the given trajectory s(t).
For proof, what we need to do is to replace V 2 (t) by following
and proceed the same way as before. The details are omitted.
IV. COMPARISONS
In [10] 2006, time varying synchronization statex(t) as a non-orthogonal projection in synchronization manifold was first introduced and a distance between the state and the synchronization manifold δ(x(t) = x(t) −x(t) was used to discuss synchronization was proposed and played key role.
It is clear that δ(t) used in [1] , [2] , [3] , [4] , [5] and other papers, δ(t) is nothing new other than the δ(x(t) = x(t)−x(t), though the authors did not mention this fact and cite [10] .
In [10] , following results were given, too. 
are exponentially stable, 2) or there exist a positive definite matrix P and a constant ǫ > 0, such that
where 
Similarly, noting thatL is a non-singular M-matrix see [11] , we have 
is local exponentially stable for the coupled systeṁ
A. On the paper Consensus of Multiagent Systems and Synchronization of Complex Networks: A Unified Viewpoint [1]
Large number of results concerning with the consensus of multi-agents can be derived from above Theorem 1 and Theorem 2 as special cases.
In fact, let f (x) = Ax, synchronization model becomes consensus of multi-agentṡ
and the local consensus and global consensus are equivalent. Then, as special cases of Theorem1 and Theorem 2, we have following two Theorems. 
then the synchronization manifold S is globally exponentially stable for the coupled systeṁ 
then s(t) satisfyingṡ(t) = As(t) is globally exponentially stable for the coupled systeṁ
We will show that the results given in the following observer-type consensus protocol of multi-agents and synchronization of complex networks discussed in [1] , [2] and some other papers
can be easily derived from the results in [10] . By routine technique used in linear system theory, let e i (t) = v i (t) − x i (t), then (48) becomes
In case (A, B) is controllable, the synchronization of the system (48) transfers to the synchronization of the systeṁ
By previous results, we have 
then the synchronization manifold S is globally exponentially stable for the coupled system (48) 
then 0 is exponentially stable for the coupled systeṁ
Therefore, Theorem 1 in [1] is just item 1 in Theorem 5 given above, and is a simple consequence of the results given in [10] . Lemma 1 in [7] is just item 1 in Theorem 6 given above, and is simple consequence of the results given in [10] .
In case (A, C) is detectable, it can be proved that there exists a positive definite matrix P such that
which was reported in [1] . In this case, let Γ = P −1 C T C, and by (56), if c > 1 |Reλ2| , we have
Therefore, by the item 2 in Theorem 3, we have 
is exponentially stable.
Many results given in [2] can also be obtained as direct consequences of those given [10] . [3] Similarly, in case (A, B) is controllable, then there exists a positive definite matrix P such that (A, B) is controllable, and c > 1 |λ2| , the systeṁ
B. Consensus of Multi-Agent Systems With General Linear and Lipschitz Nonlinear Dynamics
It means that Lemma 1 in [3] is a direct consequence of the Corollary given in [10] .
As pointed out above that the adaptive algorithm
for the system model
discussed in [3] , [5] , where L corresponds to an indirected graph, is a special case of the adaptive algorithm
where L corresponds to a direct graph discussed in [13] for adaptive cluster synchronization algorithm Moreover, Theorem 1 in [3] is a direct consequence of the corresponding adaptive cluster synchronization algorithm in [13] .
In [3] , authors considered following mixed model
In fact, let g(x) = Ax + f (x), which is a special case of the model (5).ẋ
discussed in [10] .
, under the Theorem 2' assumptions, we have
with Γ = BB T , which is equivalent to
Therefore, Theorem 2 in [3] is a direct consequence of the results given in [10] .
C. Designing Fully Distributed Consensus Protocols for Linear Multi-Agent SystemsWith Directed Graphs [4]
In [4] , authors discussed leader-follower consensus problem for the agent. In fact, it is nothing new other than Pinning Complex Networks by a Single Controller discussed in [11] .
In [4] , following Lemma was given Lemma 4 There exists a positive diagonal matrix G such that
In fact, it has been pointed out many years ago in [11] , where it was revealed that all the eigenvalues of the matrix
T Ξ] are negative. In [2] , [5] , fully distributed consensus protocols for linear multi-agent systems were discussed. In fact, we should consider following systems 
and proceed the same way as before. The details are omitted. Readers can also refer to [14] .
V. CONCLUSIONS
In this note, we revisit synchronization and consensus of multi-agents. As pointed out in [10] , synchronization relates two main points, one is connection structure, and the other is the intrinsic property of the uncoupled system.
• In [10] 2006, time varying synchronization statex(t) as a non-orthogonal projection in synchronization manifold was first introduced and a distance between the state and the synchronization manifold δ(x(t)) = x(t) −x(t) was used to discuss synchronization was proposed and played key role. It describe the connection structure.
• It is clear that δ(t) used in [1] , [2] , [3] , [4] , [5] and other papers, is nothing new other than the δ(x(t) = x(t) −x(t), though the authors did not mention this fact and cited [10] .
• In [10] 2006, QUAD condition is introduced, which describes intrinsic property of the uncoupled system.
• Based on non-orthogonal projection, δ(x(t)) and QUAD condition, conditions to ensure synchronization are given.
• It is clear that
is a special case of
l ij Γx j (t), i = 1, · · · , N
Therefore, all the results on synchronization model (74) can apply to consensus of multi-agents model (72). All the results given in [1] , [2] , [3] , [4] , [5] can be given as applications of the [10] .
• In fact, all papers on consensus focus on the QUAD condition
As we point out that it is a natural consequence of the controllability, and is just another expression of QUAD condition.
